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Abstract 

In a previous work we have proposed that the Prokushkin-Vasiliev higher spin 
J\f = 2 supergravity on AdS3 is dual to a large N limit of the N = (2,2) CP^ 
Kazama-Suzuki model. There is now strong evidence supporting this proposal based 
on symmetry and spectrum comparison. In this paper we will give further evidence 
for the duality by studying correlation functions. We compute boundary three point 
functions with two fermionic operators and one higher spin bosonic current in terms 
of the bulk supergravity theory. Then we compare with the results in the dual CFT, 
where the supersymmetry of the theory turns out to be very helpful. In particular 
we use it to confirm results conjectured in the bosonic case. Moreover, correlators 
with a fermionic current can be obtained via supersymmetry. 
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1 Introduction 

In this paper, we study the behavior of massive fermions in the higher spin M = 2 
supergravity on AdS3 found by Prokushkin and Vasiliev pQ. From the behavior of these 
bulk fermions we compute boundary three point functions with two fermionic operators 
and one higher spin bosonic current. Higher spin gravity theories on AdS spaces have 
attracted a lot of attention, most importantly for their application to the AdS/CFT 
correspondence. In [2] (see [3] for a prior work) it was proposed that the Vasiliev higher 
spin gravity on AdS4 [4] is dual to the O(N) vector model in three dimensions. There are 
many works related to this proposal and in particular some boundary correlation functions 
were reproduced in terms of the dual gravity theory El El- 

For AdS 3 it was proposed by Gaberdiel and Gopakumar [5] (see [H] for a review) that 
a truncated version of the higher spin gravity by Prokushkin and Vasiliev is dual to a 
large N limit of WV minimal models 

sh(N) k © su(A0i 



with the 't Hooft parameter 



su(A0ah 



kept finite. The proposal for the case related to the WD^ minimal model was presented 
in [T01 ITT] , and in [12] we extended the conjecture to the full untruncated M = 2 super- 
symmetric casein In this note we would like to give more evidence supporting the proposal 
in [T2] by studying correlation functions. 

There is already strong evidence in support of the proposal in [8]. First of all, the 
asymptotic symmetry of the higher spin gravity has been identified as a large N limit of 



lr rhe Af = 1 supersymmetric version of the duality is proposed in 
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the Wat symmetry in [HJ US! ESI CEO EES]- This fact leads to the conjecture of [S] that 
the dual CFT is the 't Hooft limit of Wn minimal model (II. ip . More impressively, the 
one-loop partition function of the gravity theory was reproduced by the large N limit of 
the dual CFT in [19]. This means the duality was shown to be true in the free limit of 
the gravity theory. In order to check the duality beyond the limit, we have to include 
interactions on the gravity side. In fact, some boundary correlation functions were already 
investigated in [201 ED E21 GHJ EH E2], and up to now the results are consistent with the 
proposed duality. 

For the full untruncated case in [T2], the duality relates the M = 2 higher spin super- 
gravity on AdS3 found by Prokushkin and Vasiliev [T] to the M = (2, 2) CP^ Kazama- 
Suzuki model [261 EI] 

Su(iV + 1^0 50(2^)! 
SU^jfe+i ©u(l)iV(JV+l)(fe+JV+l) 

in the large N limit with the 't Hooft parameter (11.21) kept finite. Also in this case there 
is strong evidence to support the conjecture. As in the bosonic case, the asymptotic 
symmetry of the supergravity is found to be a large N limit of the Af = (2, 2) W N 
algebra pEl [281 ESI [30]. Given this fact, the most plausible candidate is the N = (2, 2) 
WW minimal model which can be described by the CP^ Kazama-Suzuki model [31]. 
Moreover, the one-loop partition function of the supergravity is reproduced by the 't 
Hooft limit of the Kazama-Suzuki model |32j. We can thus conclude that the spectra 
of the dual theories agree. So the next task should be to examine boundary correlation 
functions. For AdS4/CFT 3 as in [2], it was argued in [331 133] that the correlation functions 
are quite restricted due to the higher spin symmetry. Even with this fact, it was also 
pointed out in these papers that for examples of AdS3/CFT 2 the higher spin symmetries 
are not so restrictive, and extra studies are needed. See [351 ESI EH ESI ESI US] for recent 
developments on the M = 2 minimal model holography. 

The supergravity theory of [1] consists of massless higher spin gauge fields and massive 
matter fields. There are two sets of bosonic gauge fields with respectively spins s = 1, 2, . . . 
and s = 2, 3, . . ., and two sets of fermionic gauge fields both with spins s = 3/2, 5/2, . . .. 
The dual currents we denote by J^^. There are also four massive complex scalar fields 
and four massive Dirac spinor fields with spin 1/2. The dual operators 0^ h,h > may be 
labeled by their conformal weights (h, h). For the bosonic operators the conformal weights 
satisfy h — h, and for the fermionic operators they are h — h ± 1/2. In this paper we 
compute boundary three-point functions with two fermionic operators Op and one 
bosonic higher spin current i.e. 

(Of' h \z 1 )Op h) (z 2 )jW ± (z 3 )) (1.4) 

where s is integer. In the bosonic case where h = h the three-point functions have been 
computed in [2U] with a restricted parameter A = 1/2, and later in [23] with arbitrary A 
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using a simple method. Here we apply the method of [23] for the computation. We find 
that the structure constants for the correlators of the fermionic operators are the same as 
for the bosonic correlators. 

We then examine the results obtained in the bulk from the viewpoint of the dual CFT, 
and we explain the bulk results via supersymmetry. On the bulk side there is a simple 
relation between the two bosonic higher spin currents when acting on the matter 

states, namely j( s >~ = ±J^ + . Assuming this in the CFT, we obtain, via supersymmetry, 
a simple recursion relation between correlators with currents of spin s and s + 1. From this 
relation we can reproduce exactly the conjectured results of |23J. Further, we explicitly 
construct the higher spin currents up to spin 2 in the super coset theory, and show that 
the spin two currents indeed have the simple relation when acting on the dual matter 
states. Finally, we show that the found currents are the generating currents for the whole 
super W[A] algebra. 

This paper is organized as follows. In the next section we review the M = 2 higher 
spin supergravity constructed in [1] . We are then set for section [3] where we study the 
behavior of the massive fermions in the supergravity with AdS background. In section 
H] we compute three point functions of the form (jl.4p with two fermionic operators and 
one bosonic higher spin current from the viewpoint of the bulk theory. To prepare for the 
CFT analysis we study how the supersymmetry transformations and states of the bulk 
theory map to currents and operators of the boundary theory in section [5j In section 
[6] we explain the results obtained from the bulk supergravity via the supersymmetry 
structure of the dual CFT. Further, we obtain the recursion relation for the correlators, 
and provide strong support for the validity of it. Finally, we conclude in section In 
appendix |Al structure constants of the higher spin algebras hs[A] and shs[A] are reviewed. 
Some explicit computations involving the star product have been done in appendix [HI 
and also the (anti-)automorphisms and the supertrace of the algebra can be found there. 
In appendix £3 operator products in a CFT with Af = 2 super W symmetry algebra are 
summarized. 

Note added 

After putting this draft in its final form, we were informed that boundary three-point 
functions in the M = 2 higher spin holography are also analyzed in [H]. In their paper the 
three-point functions considered from the bulk side are those with two bosonic operators 
and one bosonic higher spin current, however, calculated using an alternate basis. In our 
paper we additionally deal with those three-point functions having two fermionic operator 
insertions. 
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2 Higher spin AdS3 supergravity 



In pQ a higher spin M = 2 supergravity theory in three dimensions has been developed 
where massive scalars and fermions are coupled with higher spin gauge fields. Field 
equations are given in the paper, but the action of the theory is not known yet. We are 
interested in a vacuum solution with AdS3 space and small deformations thereof, and in 
this case we can use the shs[A] ®shs[A] Chern-Simons gauge theories coupled with massive 
matter. We only explain the results here briefly since the arguments are essentially the 
same as in [201 but now without the truncation to bosonic subsectorJ§ 



2.1 Supergravity by Prokushkin and Vasiliev 

The supergravity theory consists of the generating functions (W 7 ^, B, S a ). The space- 
time one-form W = W^dx^ and the zero form B describes the massless higher spin gauge 
fields and the massive matter fields, respectively. The fields S a are auxiliary, and they 
generate constraints of the other fields. Here and in the following a = 1,2 is the spinor 
index and it is raised and lowered by the antisymmetric tensors e%2 = e 12 = 1. The 
generating functions depend on the generators (z a , y a , ipi,2, k, p) as well as the space-time 
coordinates x^. These generators fulfill the following algebraic relations 

k 2 = p 2 = 1 , {k, p} = {k, y a } = {k, z a } = 0, ^} = 2<% (2.1) 

with all the remaining commutators being zero. The fields of the theory are obtained by 
expanding the generating functions as 

1 oo 

A{z, y, ^i, 2 , k, p\x) = J2 A ^l E mPl ...pMk B p C ^?^2^ ■ ■ ■ z« m yp, ■■■yp n . 

B,C,D,E=0m,n=0 

(2.2) 

The product of generating functions in terms of the twistor variables z a ,y a is defined 
by the star product 

(/»0)(z, y ) = JL J d 2 ud 2 ve m ^ a f(z + u,y + u)g(z-v iy + v) . (2.3) 

With this product law, the field equations are [1] 

dW = W*AW , dB = W * B - B *W , (2.4) 

dS a = W * S a — S a * W , S a *S a = -2z(l + B * K) , S a * B = B * S a , 
where 

K = ke tZaya (2.5) 
2 See, for instance, appendix A of [33] for a good review. 
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is called the Kleinian. These equations are invariant under the following higher spin gauge 
transformations 

SW = de-W*e + e*W , SB = e*B - B*e , 5S a = e * S a - S a * e , (2.6) 

where the gauge parameter e = e(z,y;ipi t 2,k\x) is arbitrary, but p- independent. Using 
the symmetry of the field equations under p — > —p, S a — > —S a , we consider a truncated 
system where W^, B are independent of p, and S a is linear in p. 

We consider vacuum solutions of (\2A\i denoted by B , W , S 0a . We solve the equation 
of motion for B by setting B equal to a constant 

B = v . (2.7) 

The field equations then reduce to 

dW = W * AW , dS 0a = W * S 0a - S 0a * W , S 0a * S% = -2i(l + vK) . 

(2.8) 

A solution for S 0a is given by 

S 0a = pZa , (2.9) 

where 

z a = z a + uw a k , w a = (z a + y a ) / dtte itZaya . (2.10) 

Jo 

It is convenient also to define y a as 

y a = y a + vw a * K , [y a , yp}* = 2ie af} (\ + vk) , [pz a , y~p\* = (2.11) 

with [A, B]* = A * B — B * A. Since dS 0a = 0, generic solutions for W have to com- 
mute with pz a , i.e. they are given by functions of the generators k,y a and ^1,2, but are 
independent of z a . The only remaining field equation is then the first equation of (12. 8p . 



2.2 Higher spin gauge fields 

As found in the previous subsection, the vacuum value of W = Wo is parameterized 
by 1P12, k, y a and the space-time coordinates x M . It was shown in [20J that the part linear 
in ip2 is auxiliary, so we can neglect ip2- Now that ip\ commutes with all variables and 
ip\ = 1, we may define projection operators 

n± = . (2.12) 

Then we can rewrite the field equation for Wo as 

dA + A*AA = 0, dA + A* AA = (2.13) 
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with 



W = -U + A - n_A . (2.14) 

Here A and A are functions of y a and k. The above field equations for A, A are the same 
as the equations of motion for Chern-Simons theory based on the algebra generated by 
y a and k. 

Before discussing the full algebra with y a , k, let us review the bosonic truncation where 
we only allow an even number of y a in the generators and we project onto one of the two 
possible eigenvalues k = +1 or k = — 1 (which is allowed since k is commuting with an 
even number of y a ). In this case, the algebra is called hs[A±] (see, e.g., [H]) where A 
depends on the choice of eigenvalue of k 

A± = for k = ±1 . (2.15) 

The generators of hs[A] are given by with s = 2, 3, . . . and \m\ = 0, 1, . . . , s — 1. The 
commutation relations are 

8+t—\8—t\—l 

Wm,V%= E g*(m,n;\)V^ (2.16) 

«=2,4,- 

with the structure constant given in ( 1A.2j) . In particular, with m — 0, ±1 generate the 
sl(2) subalgebra. In order to compute star products among the generators we utilize 
the lone star product defined in (12] as 



u=l,2,- 

Indeed, it was conjectured in [23] that the generators are expressed in terms of y a as 

K = (^) S s m . (2.18) 



Here is the symmetrized product of generators y a where the total number of generators 
y a is 2s — 2 and 2m = Aq — N2 with the number of y~i t 2 given by A^i^. The precise 
normalization is 

= _ 2)\ E * " ' * Harass) > (2.19) 

where 52 S - S represents the (2s — 2)-th symmetric group. The previously defined (Moyal) 
star product (I2.3p then maps to the lone star product as has been checked explicitly up 
to spin 4 in [23J. Star products among the generators are then found directly via the 
lone star product (I2.17P without tedious computations to symmetrize the products. 
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We now turn to the full algebra where we can have both even and odd numbers of 
generators y a and /c-dependence. This algebra was analyzed in [131111], see also appendix 
Rl We choose to denote the algebra shs[A] where A is related to the vacuum expectation 
value v as 

i/ = l-2A. (2.20) 

Again, for uniqueness, we choose generators that are symmetric products of the generators 
y a now possibly multiplied with k. As above, we denote these symmetric products 
where the even case has s G N and m G Z, and the odd case has s G N + 1/2 and 
m G Z + 1/2, and we always have \m\ < s — 1. We can now write our generators in the 
notation (12.181) as 

V ™ += (t) ^' ^ S) "=(t) kS ' m > (« = M/2,2,5/2,3,...). (2.21) 

For the spin algebra we have to pay special attention to the spin 1 case since we do 
not want to keep an overall central element. We thus only keep k + v which appears in 
the anti-commutator {ky a , yp) = 2ie a p(k-\-v). Some (anti-) commutation relations can be 
found in appendix IA1 In this case, {k+v, Vm^ + , V^f' 2 ^} generate the osp(2|2) subalgebra, 
or in other words, the M = 2 supersymmetry, see (10.4) of pQ. 

We note that the bosonic subalgebra splits into two subalgebras using projection op- 
erators onto the two eigenvalue spaces of k 

1 ± k . 
P± = — ■ (2-22) 

Now the generators P+S^ and P-S^ for s = 2, 3, . . . form respectively the algebras hs[A] 
and hs[l — A] and are mutually commuting due to the projectors. They correspond to the 
two bosonic subalgebras in the analytic continuation of sl(N + 1\N), see |45j . 

The lone star product in (I2.17P can be extended to the case with half-integer spin, but 
the expression is useless since the structure constants have not been obtained at least in 
a simple form. The first few terms are computed in appendix [Bl In other cases we use the 
bosonic version of (I2.17P and multiplication of V^{ 2 , as we will see below. In fact, generic 
structure constants should be computable in the same way. 

2.3 Perturbation with massive matter 

Up to now we only examined vacuum solutions, but here we would like to discuss the 
perturbation with massive matter. For this purpose we expand the generating function 
B around the vacuum value as 

B = u + C. (2.23) 
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Then from the field equations (12.41) we have equations involving C 

dC-W *C + C*W = , [S 0a ,C]* = 0. (2.24) 

As for Wo, the second equation leads to C being a function of y a and not of z a . Thus the 
perturbation can be written out as 

B = u + ^ 2 C{x fl ,y a ,k) . (2.25) 

Here we neglect the part independent of ip 2 since it only includes auxiliary fields, see pQ. 
As before, we decompose the fields into two parts as 

C = n + C(x M , y a , k)ij 2 + n_C> M , y a , k)^ 2 . (2.26) 

Then the first equation f)2.24p reduces to two equations 

dC + A*C-C*A = 0, dC + A*C-C*A = 0. (2.27) 

Considering the dependence on the variable k, we can decompose the fields further 
using the projection operators (12. 22j) 

C = P + C+(x^,y a ) + P_C_(x M ,y a ) , C = P + C + {x^y a ) + P-C.{x„y a ) . (2.28) 

The fields C±, C± are polynomials of symmetric products of y a , so they may be expanded 
as 

c±= E E c k± v ™> c±= E E ( 2 - 29 ) 

a=l,f ,2,| |m|<s-l s =i,| ,2,1,... |m|<s-l 

The Grassmann parity of the coefficients is discussed in (5.6) of pQ and in our notation 
integer s components are Grassmann even and half integer s components are Grassmann 
odd as expected. 

As shown in [1] , any dynamics are described by Cq ± and Cq ± for bosonic modes and 
and for fermionic modes, where a = ±1/2. If we consider the AdS vacuum, 
then the field equations for Cq ± , Cl ± reduce to the Klein-Gordon equations with masses 

Ml = -1 + A| , (2.30) 

where X± = |(1 =F v) as in f)2.15p . Thus the parameter v enters the mass formula. For 
Cf ±, C%/± the field equations reduce to the Dirac equations with masses 

Ml = (A± - \f , (2.31) 

see (3.22) and (3.23) of [lj. Following the analysis for the scalars in [23], we re-derive the 
Dirac equation with mass in the next section. 
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3 Massive fermions on the AdS background 



Among the vacuum solutions of the field equations for supergravity, the vacuum cor- 
responding to AdS space plays a particular role due to its application to the AdS/CFT 
correspondence. In this section, we study the behavior of massive fermions on the AdS 
background. In the next section, we introduce small deformations of the AdS background 
by introducing non- vanishing higher spin fields. 



3.1 Dirac equations for the massive fermions 

Let us examine the field equation for C (12.27P on the Euclidean AdS background. We 
use the coordinate system (p,z,z), where p represents the radial direction of the AdS 
space and its boundary is at p — > oo. The boundary coordinates are give by z, z. In these 
coordinates the AdS background has the metric 

ds 2 = dp 2 + e 2p dzdz , (3.1) 

which in turn corresponds to the following configuration (see, e.g., eq. (3.8) of [23J) 

A = e p V 2 dz + V 2 dp , A = e p V\dz - V 2 dp . (3.2) 

Here we have used the following relation between the frame-like and the metric-like for- 
mulation 



e 



\{A - A) , oc tr(e M e^) . (3.3) 



Since the above configuration only involves bosonic components, we can truncate the label 
s in (I2.29P to s G Z or s G Z + 1/2. The former case is analyzed in [23]. Below we focus 
on C* ± , but C^± can be analyzed in the same way. 

With the above background, the field equation (12.271) expressed in terms of the modes 
C s m becomes (using the results of appendix IB"]l R 

d p C s m + 2C- 1 + h s m C° m + g { 3 s+1)2 (m, 0)^ +1 = , (3.4) 

dC s m + e»{C s -\ + i^ 2 2s (l, m - l)Q_i + l^ihm - l)C"+\) = , (3.5) 

BC s m - e?(C s m+ \ + \g s2 [m + 1, -l)C s m+1 + |^ +1)2 (^ + 1, -l)CSi) = , (3.6) 
where 

1 I for s G Z 

h s m = M 2 (m,0)+g 2 2 s (0,m)) = \ m(1 _ 2A±) ' (3.7) 

2 l L(s-i) for s G Z + ^ • 



5 Here we have suppressed the subscript ± in ± . The dependence only appears through A±. 
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For integer s the field equation ( I2.27P reduces to (3.10) of [23J. For half integer s the 
equations are quite different since h s m ^ and the functions g 2s (n,m) are also different 
from those with integer s as shown in appendix [Bj By a change of basis, we can see that 
these equations reproduce (3.21) of pp. 

First let us consider the case with integer s. From the whole set of equations, we 
obtain a closed set (Cq, Cq, Cq, Cf) as 

d p Cl + ^C 2 = , BCl + e^Cl = , (3.8) 

dC\ + <*C\ + \e?Cl - e>&±Ci = , d p C 2 + 2C] + ^>C 3 = . 
Solving these equations, we obtain the Klein-Gordon equation for Cq 

[d 2 p + 2d p + 4e- 2p dd - (A| - l)]Cft = , (3.9) 
which leads to the mass formula 

M| = -1 + A 2 ± = -1 + (±f0 2 (3.10) 

as mentioned in (I2.30p . 

Setting (s,m) = (3/2, ±1/2) in equations (13 .4p . (13. 5 p and (13. 6p . we obtain another 

2 r 5/2 
/2> Ly ±l/2 



closed set (C± 2 , 2 , C± 2 , 2 ) 



dCl + e p (|(1 - l=f±)C\ - i^-^+^ cK J = , (3.11) 

BC\ - e p + ^f±)cf - (^- 2 y±+ 1 ) cf) = , (3.12) 

2 V 2 2 / 

d p cf + ±=§^cf + (A± - 2) 9 (A±+1) cj = , (3.13) 



d p C\ - 1 -^C\ + ( A ±- 2 )( A ±+ 1 ) cf x = . (3.14) 

2 2 2 

5 /2 

Eliminating C ±1/ , 2 we have 

(0 P + l)Cf x + 2e-^cf + (A± - \)C\ = , 

2 2 2 

- (0 p + l)cf + 2e-^Cf x + (A± - |)CF = . (3.15) 

2 2 2 

These are nothing but the Dirac equations with mass 

M± = \ - A± (3.16) 

as in (I2.3ip . We can repeat the same analysis for C±y 2 , or simply use the anti- automorphism 
(IB.18p . and obtain the Dirac equations, but now the mass is 

M± = A± - \ (3.17) 

i.e. with A± i — y A T or, equivalently, with the opposite sign. 
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3.2 Solutions to the Dirac equation 

From the solutions to the Dirac equation, we can compute boundary correlation func- 
tions of the dual operators 0^} ± . As in the bosonic case there are two types of boundary 
behaviour which we denote in the superscript by 5 = ±. The subscript ± is again just 
referring to the fc-projection and we will suppress it in the following. The simplest case 
is the two point function of fermionic operators 

(Of{ Zl )df{z 2 )) . (3.18) 



We have here used that tilded and untilded fields couple, see eq. flB.40j) . Note that this 



is basically due to the U(l) symmetry of the M = 2 super algebra. Using a more familiar 
notation C±y 2 = ?/>±, the Dirac equation (13.151) becomes 

(d p + 1 + M)^+ - 2e- p di)^ = , (d p + 1 - M)V>- + 2e- p dip + = . (3.19) 

A direct computation shows that 

M + - f i / e~ p \ M+ 5 
MP, z) = J dVe*> [ e . 2p+lz _ zfl2 ) {z ~ z')V-(z') , (3-20) 

satisfy the Dirac equation, where rj^(z') is a fermionic variable. Around p ~ oo, the 
solutions behave as 

MP,z) ~ , 1>.(p,z) ~ rj-izyW- 1 * . (3.22) 

Using the usual recipe of the AdS/CFT correspondence, we assign the boundary con- 
ditions for the fermions as 

~0 , i)4p,z)~e_6W(z-z 2 )e<>( M -V , (3.23) 

where e_ is a constant parameter now. Then the two point function can be read off from 
the solutions as 

0( Zl ) = e^(O f (z 1 )O f (z 2 )) + ■■■ (3.24) 

with 

MP, z) ~ ^ e -^ M+1 ) , MP, z) ~ (3.25) 

around p ~ oo and z ^ z 2 . Here represents the coupling between the bulk fermion 
and the boundary operator. With this procedure, we can obtain the boundary two point 
function as 

< H W 3H (*)> = .^£±1)^ . (3 . 26) 



12 



Where the conformal weights of the dual fermionic operator are (h,h) = {h} \1v ') = 
( m+i/2 ; inserting M± = \ - A±, it becomes (fcH fcH) = (i^± , We have 

also used the notation z a b = z a — Zb- 

From the Dirac equation, we can see that the second type of solution can be obtained 
by replacing (M, ip±) by (— M, =p^ T ) as well as z with z. This follows from the anti- 
automorphism obtained by composing (IB. 18j) with (IB.20I) . Explicitly, the solution is 
given by 

MP, z) = / dVe"*' ( e . 2p+ e ) V + W) , (3.27) 



-M+i 



*-(p,z) = -^ r *- /<*VeW - _ 2p+ J (*-sV(*0 (3.28) 



with the boundary behavior 

~ 7 7+ (^)^- M - 1 ) , 2) ~ . (3.29) 

From this solution, we can define another boundary operator with a different conformal 
weight. We assign the boundary behavior by rj+ (z) = e + 5^ 2 \z — zz). Then from the 
asymptotic behavior around p ~ oo and z ^ Z2, we can compute the boundary two point 
function 



(0 W (2l) OW (22 )) = - B * ][M ^ ,2_ 2h (3.30) 

71 z 12 Z 12 



with dual conformal weight (h} + \ h^) = ( ~ M + 3 ' 2 ; ~ M + 1 / 2 ^ _ It was proposed 

in [12] that we should utilize the both types of boundary conditions for the application 
to the AdS/CFT correspondence, see also [312] . 

We can study the Dirac equation for ip± = C±y 2 , which is given by (I3.19p . but with 
M replaced by — M. Thus one type of solution is given by (I3.20p and (I3.2ip . but with 
M replaced by — M. The conformal dimension of the dual operator is (h^\h^) = 
(4p, 1+ 2 A± ). The second type is given by (I3.27P and (13.281) but with M replaced by — M. 
The dual conformal dimension is (hJ- + \ h^) = ( 2 ~ ^ , )■ This means that we have to 
have the opposite projection of k on the tilded and untilded operators, as also seen from 
(IB.40p . In table [U the masses and the dual conformal dimensions are summarized. As 



in (I2.20p we set A + = A and A_ = 1 — A such that the AdS/CFT map becomes clear. 
Notice that we can define two types of dual operators with conformal weights (fv^, h^) 
by changing the boundary conditions^] 



4 Precisely speaking, we construct two Dirac fermions by combining C and C as discussed at the end 
of section 4.1 of [12]. We assign the different boundary condition for each Dirac fermion. 
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(mass) 2 


(/iW,/i [+1 ) 


(/iH^H) 


Scalar {k = +1) 


-1 + A 2 


/1+A 1+A\ 
\ 2 ' 2 / 


/1-A 1-An 
V 2 ' 2 / 


Scalar (k = — 1) 


-1 + (1-A) 2 


/2-A 2-An 
V 2 ' 2 ) 


f- A ) 

\2> 2/ 


Spinor (k = +1) 


(A-l/2) 2 


/1+A An /2-A 1-An 
\ 2 ' 2/' V 2 ' 2 / 


/1-A 2-AN /A 1+AN 
V 2 ' 2 /' \2 ' 2 / 


Spinor (k = — 1) 


(A-l/2) 2 


/2-A 1-A\ /1+A An 
\ 2 ' 2 /' V 2 ' 2 / 


/A 1+An /1-A 2-An 
V 2 ' 2 /> V 2 ' 2 / 



Table 1: The masses of massive matters and the conformal weights of their dual operators 
are summarized. Dual conformal weights for four complex massive scalars are all different 
and those for Dirac fermions are divided into two classes. 

3.3 Three point function with a spin one current 

The main aim of this paper is to compute boundary three point functions of two 
fermionic operators and a higher spin current with spin s. As a preparation, we compute 
the three point function with a spin one current inserted. Following the method in [23] . 
we introduce the effect of such a U(l) gauge field by a gauge transformation. This is 
possible since the bulk Chern-Simons gauge theory has no dynamical fields. The action 
of the U(l) Chern-Simons theory coupled to a Dirac fermion is 

S=^J AAdA+ l - J d 3 x^g$ W + MW) (3.31) 

with = d^ + A^. We study the first type of boundary conditions above for the fermions 
and demand the behaviour at p — > oo to be 

(z — z 3 ) (3.32) 

with a fermionic parameter e_. Then the three point function can be found by examining 
the asymptotic behaviour of ip + and keeping only the term proportional to e_// 



0( Zl ) = e^(0 [ ;\z l )0 [ ;\z 2 )J { - 1 \z^)) + ■■■ , Mz) ~ 



(3.33) 



around p — > oo and z ^ z 2 , z^ as for the boundary two point function. We can study the 
case with the second boundary condition in the same way. 

We start from the free fermion with no U(l) gauge field i.e. A = 0. Then the 
three point function should be reduced to the two point function (I3.26P with (h,h) = 
(M + |, M + |). We introduce a non-zero gauge field with the boundary behavior ( 13.32)) 
by performing a gauge transformation 

A, = d,A , A(z) = t^^— , (3.34) 

ZTT z — z% 

where we have used dz^ 1 = 2ttS^(z). The gauge transformation also acts on the fermions 

as 



V>±(p, z) V± = (1 - A(z))V± • ( 3 - 35 ) 
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The boundary behavior around p — > oo should be 

$-(j>,z) ~ (1 - A(^))r ? _(^)e^ (1 - A/) = e^5 (2) (z - z 2 )e^ (1 - M) (3.36) 
due to the boundary condition (13.321) . This leads to 

rj^z) = e_(l + A(z))5^(z - z 2 ) . (3.37) 
From the asymptotic behavior of (13.201) around p ~ oo, z ^ z 2 , z$, we find 

\ ^12 ^12 

thus giving 

(0H( Z1 )^( Z2 )J(^ 3 )) = f f-^-) rt^i)4^ 2 )) • (3.39) 

Z7r V ^13^23 / 

Here we note that the right hand side of the above equation is the same as (4.13) of [23] 
for the bosonic case. 

4 Correlation functions from the supergravity 

In this section, we compute boundary three point functions with two fermionic oper- 
ators and one higher spin current as in ( II. 4p 

(Op Jl \z 1 )d ( f h \z 2 )J^ ± (z 3 )) (4.1) 

from the supergravity theory of Prokushkin and Vasiliev pQ. We closely follow the method 
used for the s = 1 case in the previous section. Namely, we introduce the effect of gauge 
field by making use of gauge transformations. First we study how the higher spin gauge 
transformation acts on the massive fermions, and then move to the computation of the 
three point functions. 

4.1 Higher spin gauge transformation 

In the previous section, we considered U(l) Chern-Simons theory coupled with massive 
fermions. Now the theory is the one studied in section [5] and the field equations for the 
massive fermions are given in ( I2.27P . The field equations are invariant under the following 
gauge transformation 

5 A = dA + [A, A] m , 5A = dA + [A, A]„ , (4.2) 
5C = C*A-A*C, 5C = C*A-A*C. (4.3) 
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Since the transformation is much more complicated than that for the U(l) Chern-Simons 
theory, we study it in more detail before applying it in the computation of boundary three 
point functions. 

We would like to consider boundary three point functions with a higher spin current 
J^ ± (2; 3 ). The dual configuration of a gauge field in the bulk can be constructed by a 
gauge transformation with a gauge parameter 



A( P ,z) = Et^wH^w^'^ ' A(s) ^ = hv^7 ' (4 - 4) 



n=l 



where the generators are defined in (I2.2ip . In this paper we introduce bosonic higher spin 
fields and only discuss fermionic ones later. The source term is the leading term in A s 

5A- Z = d s A^e^- l)p V s { lf + ■ ■ • , (4.5) 

where the subleading terms are needed to satisfy the field equations (I2.13p . The dual 
current J^ 1 * 1 is in A z as 

1 r(»)± 

XA - 1 r(a)±--(*-lW(»)± j(a)± _ D a2»-l a(») (a f.) 

dAz ~ B (s)± J e v -(s-i) ' J ~(2s-2)! ' 1 j 

Here B^'^ represents the coupling between the source and the dual current. 

Since we introduce the gauge field by using a gauge transformation, we also need to 
know the transformation of the massive fields as in (14.31) . Below we study the massive 
scalars first and then move to the massive fermions. 



4.1.1 Gauge transformation for massive scalar fields 

As explained in section 12.3} the massive fields are given by the mode expansions of 
C± and C±. The bosonic truncation can be done by restricting s to be integer. For 
simplicity we focus on C = C + and = , but we can easily generalize to the other 
cases. The scalar field corresponds to the first mode Cq and its change under the gauge 
transformation is 

Cl = Cl + {5C)l = Cl-{K*C)l. (4.7) 
With the lone star product f)2.17p . we can write the change explicitly as 

2s-l 1 

(^)o = " E T^Z W (- d ) n ~ lAis) h2s-i(s ~n,n- s)C s n _ s e^ . (4.8) 

The main task here is to express C s n _ s in terms of the dynamical scalar field Cq. 

Let us examine the field equations f !3.4j) . (13. 5p and (I3.6p . If we set m to the extremal 
value m = — s + 1 i.e. m = —\m\ and s = \m\ + 1 in 03.5 jl . then the equation is simplified 
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since now only the first and the last terms remain. Solving the equation, we find 

d t\ = (n^(l> 1 - j (-2e-'0,)M C i • (4.9) 
In the same way, we obtain 

c \T=Cfi/^ 1 - i- 1 )) ( 2e " p ^) H ^ (4-10) 

by solving the equation (13. 6p with m = \m\ and s — \m\ + 1. The other equation (13.41) 
relates with fixed m. In other words, we can reduce C±| m | to C'Jy 1 ^' 1 utilizing the 
equation (13 .4p . Then, with the help of (14. 9p or ( I4.10p . the mode C±i m i for all s and \m\ 
can be written in terms of C$. 

The above argument actually applies both for integer and half integer s. However, the 
equation ( 13. 4 p can be solved easier for integer s since h s m = for the case, and indeed the 
solution was written as (4.42) in [23] • Using the solution, the gauge transformation was 
written as 

s 

{SC)l = D {S) C] , D {s) = /"'"(A, d p )d n ~ l A {s) d s - n . (4.11) 

n=l 

One thing worth noting here is the upper bound in the sum over n. In the above equation, 
n is summed until n = s while in ( 14. 8 p it was until n = 2s — 1. This is because for n — s < 
there will be a factor e~^ s ~ n ' p due to (14.91) cancelling the factor e^ s ~ n ' p in (14.81) . On the 
other hand for n — s > we have e^ s ~ n ^ p due to (I4.10p giving a total factor in ( 14.81) of 
e 2(s-n)p which vanishes in the large p limit. 

We need the explicit expression for f s ' n (X,d p ) when d p is replaced by —(1 ± A). De- 
noting /±' n (A) = f s - n (\ -(1 ± A)), it is given as (4.50) in [22]: 

[2=1] 

f°."(\)-( iv r( g ±A) i tt s + j-w 

J± 1 ; 1 ; r(s-n + l±A)2"- 1 (2[f] -l)!![2fi]! ^ 2s - 2j - 1 ' l ' J 

4.1.2 Gauge transformation for massive spinor fields 

For the massive fermions we again use the mode expansions of C = C + . Here we 
only consider bosonic gauge transformations, and these relate half-integer spin fermionic 
modes to fermionic modes. We can thus make a fermionic truncation by restricting to 
s G Z + 1/2. The massive fermion corresponds to C±y 2 and it shifts under the gauge 
transformation as 

Clt = CI, + (SCA = c|x - (A * C)|i . (4.13) 

- S1 2 2 2 2 2 
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One way to obtain the explicit form of (SC)\ is to solve the equations (13.4)) . (13. 5 j) and 
(13. 6 p directly as in the case with integer s. But instead we would like to use a trick here. 

One problem for the direct computation is that we do not know the explicit form of 
the star products (12.171) with half-integer s, t involved. Thus, it is convenient to define 
the following fields by the action of V±y 2 from the right hand side as (using (IB. 81) ) 

c?) = c * v\ = Y,( c *)) s m v m s , icf x) y m = C4 - l£ ^Sr zM C4 > ( 4 - 14 ) 

s,m 

c& = c * vK = j2( c (2)) s mV™ , (q^)™ = C4 + ( *" 1+ r ( lT~ 2A) C\ • ( 4 - 15 ) 

s,m 

Then, we can use the star product (12 . 1 T[) with the known coefficients (I A. 21) as the index 
s runs over integer values in terms of C^ 12 y Since (C^ 2 ))o * s proportional to C±y 2 as 

(cg))o = -K 3 - . (^))o = K 3 - . ( 4 - 16 ) 

3 

we can read off (8C)\ from 

± 2 

(*Cg, a) )5 = -(A*Cg >!0 )S, (4.17) 

3 

which can be obtained by multiplying V\ from the right hand side of (14. 3p . Using the 
lone star product (jUTTj) we have now 

2s-l 1 

( SC (i»)l = ~ E 7-7v(- 9 )" lA( 1^-i(^ -n,n- ^(G^)^/^ . (4.18) 

71=1 ^ 

We again need to express (Cg 2 ))m i n terms of (C^^o via the field equations. 

3 

The field equations for C? x 2 ^ can be obtained by multiplying V£i from the right hand 
side of (I2T27|) as 

(d - \dp)Cf x) + A * Cf 1} - Cf 1} * A - e p dzCf 2) = , (4.19) 

(d + \dp)Cf 2) + A * Cf 2) - C ( 2) *A = 0. (4.20) 
In terms of the modes, we have 

(d P ~ §)(C&& + 2{Cf l) y- 1 + ^ +1)2 (m, 0)(Cf l) Y+ 1 = , 

0(Cg)& + e P l(C?i))^i + U s {hm - l)(C? 1} y m ^ + \gf +l \ym - 1)^)^] = , 

- e p [(cf 2) y-^ + |^ 2 (m + 1, -iycf 1} y m+1 

+ i^ s+1)2 (m + 1, -lXC&ffii + (Cg))^] = , 
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while for C? 2 -, we can use the bosonic result just by replacing d p by d p + ~. For C^, we 
not only have the shift from d p to d p — ~, but we also have an effect from C^. Setting 
s = m + 1, we get 

^"(C^r 1 - e1^? +1)2 (m + 1, -1){C^XI + (Cg))^ 1 ] = . (4.21) 

The solution to this equation is more complicated than (I4.10p . However, the above equa- 
tion implies that (C ( ^)™ +1 ~ e p (Cf 2) )™ +1 ~ e pi - l ~ m \Cf 2) )l in the large p limit up to the 
action of <9 2 . This means that only the contributions from (CEC) s n _ a with n — s < survives 
in the large p limit. From this fact, we can safely neglect the effects of C^L in C^y 
From the above considerations, we conclude that 

s 

(SO) 1 ,, = D^Cli , D { ± ] = f s > n (A,d p ±±)d n - 1 A^d s - n . (4.22) 

± 2 ± 2 

n=l 

When we can replace d p ± 1/2 by —(1 + A) or —(1 — A), the functions f s ' n (X,d p ± 1/2) 
become respectively /+ n (A) or /l' n (A) given in (I4.12p . 

4.2 Three point functions with a generic spin current 

Now we have prepared for the computation of three point function (II. 4p 

(Op~ h \z 1 )dp~ h \z 2 )J^ ± (z 3 )) . (4.23) 

There are several kinds of correlators, but some of them can be obtained easily from 
others. Here we only focus on C = C + but for C_ we just need to replace A + = A 
by A_ = 1 — A. We also consider only = J^ + . The difference from jw~ is the 
multiplication of k as in (I2.2ip . Since k = ±1 when it acts on the projected operator 
C±, we just need to multiply the factor k = ±1. First we consider the operators with 
the conformal weight (h, h) = (^^, ^y^), whose two point function has been computed 
in (I3.26P in the holographic way. Secondly, we compute the case with (h, h) = (^4p, §), 
which is dual to fermions associated to the other boundary condition (13.291) . Finally we 
examine the case with (h, h) = (~, ^r), (^ip, ^^)> which can be obtained by using the 
charge conjugated fields C . 

4.2.1 An example 

We compute the three point function 

{0 [ F \z l )0 [ F \z 2 )J^{z,)) , (4.24) 

where Op~\z) has the conformal weight (h, h) = ("^j^p)- Setting the gauge field 
configuration A = 0, the three point function reduces to the two point function (13.261) . 
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As in the Abelian case in subsection 13.31 we include the gauge field by utilizing the gauge 
transformation. 

For A = 0, the solution for the dual fermion is given by (I3.20p . (I3.2ip with the 
asymptotic behavior f 1 3 . 2 2 j) around p ~ oo. In this case we have M — | — A. We include 
a higher spin gauge field by the gauge transformation given in (I4.4p . which is a source to 
the higher spin current as discussed above. The gauge transformation also changes 
the massive fermions as 

MP, z) ~+ MP, *) ~ (1 + D { ^ ± (P, z) , (4-25) 

where the differential operators are defined in (14.221) . The asymptotic behavior of the 
fermion p ~ oo is 

4> + (p, z) ~ , ij>_(p, z) ~ (1 + D { ^)e p{ - x -^r]^(z) . (4.26) 

In order to compute the boundary three point function (14.241) . we need to assign the 
boundary condition ip-(p, z) ~ e^e p ^~ x ~^8^(z — z 2 ). To linear order in the gauge trans- 
formation we thus have the relation 

s 

r)_{z) = e_(l - D^S^iz - z 2 ) , Z?I s) = J2f+ n Wd n ~ 1 A {s) d s - n , (4.27) 

n=l 

where /+ n (A) is defined in (I4.12p . Here we would like to remark that the coefficient /+ n (A) 
becomes the same as the bosonic case due to the shift from d p to d p — |. 

The three point function (14.241) can be now read off from the asymptotic behavior of the 
massive fermion around p ~ oo, z ^ z 2 . From the asymptotic behavior ip+(p, z) oc e p( - x ~'^\ 
we find 

s 

Mp, *) ~ (1 + D^ + (p, z) , £>« = £ fj n (\)d n - 1 A^d s - n . (4.28) 

n=l 

Recall that there is a shift from d p to d p + | in the argument of f s ' n (\, d p + |) in (I4.22p . 
In terms of these differential operators and using (13.201) . the three point function becomes 

K ; 71 \ 4 4 J ( z i -z'y- x {zi -z>y-^ 

(4.29) 

The bosonic counterpart is given by (4.28) of [23], and the only difference is that our case 
has z^ x while their case has z]^ x (while we also need to exchange A by —A). Since the 

is) 

differential operators D± act on the holomorphic coordinate z, the difference does not 
affect the result. Therefore we can borrow their result and obtain 

* W 5H(^>w) = 'T'^mfilm^) (ft)' (4.30, 

/ 2n 2 z{ 2 z± 2 I (2s - 1)1 (1 - A) \z 13 z 23 J 

(-1) 3 - 1 r(s) 2 r(s-A) 



2tt r(2s - i)r(i - A) 



\ ^13^23/ 



O i P(z 1 )O l F i (z 2 ) 
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The result looks to be the same as (4.51) of [23] for the bosonic case, but the middle 
computation is different. There is the supersymmetry behind this fact as will be argued 
below. 



4.2.2 Alternative quantization 

In order to construct supergravity theory dual to the CP^ Kazama-Suzuki model, 
we also need to assign the second type of boundary condition in (13.29p . as discussed in 
[T2~| [32] . From the solution with the boundary condition given by (13.27p . (I3.28p . we can 
compute the two point function for the dual operator Op^ with (h, h) = (^jir, f ) as (I3.30p . 
The three point function 

^0 [ ;\ Zl )d [ ;\z 2 )j( s \z 3 )) (4.31) 

can be then obtained by utilizing the gauge transformation as in the previous subsection. 

The solution (I3.27p . (I3.28|) is obtained by replacing (| — \,ip±) by (A — |, =F^ T ) along 
with z by z. Following the previous analysis, we then arrive at 

'oSt l (--i)OW( 22 )J<'>(-- 3 )) (4.32) 



7T ^ ~ zg X Z& J {Zl -Z') 1 + X { ZI -Z') X 

where the differential operators (14.221) are 

s 

Di s) = JTWd^A^d 3 - 11 . (4.33) 

n=l 

Again the differential operators act on the holomorphic coordinate z, and the bosonic 
result can be directly adopted. Thus, we find 



27r r 2s - 1 r 1 + A V z-mz™ J \ 



2tt r(2s - i)r(i + A) \z 13 z 23 J 

In summary, if we restore the choice of fc-projection a = ± on our dual operators Op a 
we have obtained all the three-point functions with two fermionic matter fields and one 
bosonic higher spin current 

_ (-I)-* T(sfT(s + 5X a ) ( z 12 V / M ~ [S] v 

" 2vr r(2 S - l)r(l + 5A CT )U^ J " (4-35) 

Here it has been used that the tilded operator has the opposite fc-projection, see (IB.40|) . 
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4.2.3 Charge conjugation 



On the bulk side we can see what happens when we consider the gauge transformation 
on C instead of C. On the CFT side the dual field Of is obtained by charge conjugation. 
We make use of the Z 4 anti-automorphism (IB.18P which takes 

V(CZ) = , V(CZ) = ~ iC ™% > V(A S J = (-l)- s A s m . (4.36) 

Then, we see that for the correlators we get a factor (— l) s from and an exchange 
of ^-projection, i.e. using (I4.35P 



1 T(s) 2 T(s + 5\- a ) 
2vrr(2s- l)r(l + <JA_ a ) 



We can reproduce the same result by explicitly calculating the variation of C as mentioned 
above. From the CFT side this result follows immediately by replacing z\ and z 2 and 
changing the order of the fermionic operators on both sides. 



5 Bulk-boundary dictionary 

In this section we will make the mapping of symmetries and states between bulk and 
boundary precise. This is done with a special focus on supersymmetry that we will use 
in the next section for calculations in the boundary CFT. 



5.1 Global transformations 

We can compare the global symmetries on both sides of the duality. On the bulk side 
we find that the transformations that do not change the AdS3 background solution (I3.2p 
are of the form 

A ± =e ± V(-l) s - 

s,m ^s,m / j \ I 
m'=m 

(5.1) 

= ef >m £ _^(-a)^ 1 AW(«) C ^'VWf , A {s \z) = z s ~ l ~ m . 

n=l ^ ' 

As we know from eqs. f)4.5p . (14.61) . this does not create any source current and is thus a 
global symmetry of the boundary CFT. Note that this works for both the bosonic and the 
fermionic case where ef m is commuting or ant i- commuting depending on the value of s. 



( S ~ 1 - m \m'-m e m> PV (s, 

V ml — m J 
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Using the automorphism relating A and A (see above eq. 0B.2O0 ). we find the conjugated 
gauge transformations as well 

s-l 



m'=m ' 



(5.2) 



= e t- E 7^w ( " 1)2san ~ 1A(s)(z)e(s_n) " F -+« ' A(s)( ^ = ^ 1_m 

n=l ^ >' 

We postulate that the action on the dual fields are given by the OPE with 



^- j> dzA {s) (z)J {s)± (w) 



(5.3) 



where J^ 1 * 1 are the dual currents with spin s. Let us consider an example. Using the 
bulk equations of motion and the asymptotic behavior, we find that the variation of C s m a 
with respect to is 

S At C^ = dC s mja . (5.4) 

Remembering that the coupling to the boundary is of the form J d 2 zC\^ ty O c ■, we see 
that Oc also has to transform like 80c = dOc = L-±Oc- Note that the field Oc really 
is the dual to C due to the conjugation in the Lagrangian (IB. 40}) . On the CFT side the 
conjugation is the charge conjugation. For the transformation corresponding to A^~ we 
get 

*a+ CJU = -\d P Cl a + zdCl„ . (5.5) 

Using the asymptotic behavior and replacing d p = 2(h — 1), we see that the boundary 
field has to transform as 

50 c ^ = (h + zd)O c i a . (5.6) 

3 11 

Which fits with the proposal giving LqO c i = hO c i . This also works for C ±] y 2 . Finally 
for A+ m with m positive, we see from (14.111) that if we put the field at z = the dual 
boundary field will not transform, i.e. L\Oq\ = 0. 

The leading term in the gauge transformation A^ m is (— l)( s ~ 1 ~ m ') e mp Vm ' >± whose dual 



2,m 



under the automorphism above (IB. 20}) simply is . We see that it is natural that A 
is related to L- m . Indeed we find that the following identification fulfill the global part 
of the superconformal algebra ( 1C.2}) 



L m o (-ir + v 2 + , u o , Gt^ {-ir + ^v~2P ± v^ + . (5.7) 

Explicitly the transformations related to the supersymmetry transformations are 

G± o A± = e^P+V^+eo/ 2 , G ± 1/2 A ± = -e^V2P ± V^ + e^ 2 . (5.8) 
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5.2 Currents 

If we extend the use of (15.31) for A^(z) = (z — w)^ 1 , we create insertions of the current 
jw^^ui). As in [20J we split the gauge field up into the AdS3 part A Ad s in (13 .2p and the 
small deformation Q as 

A = A AdS + Q . (5.9) 
The linearized equation of motion for Q is 

dn + A AdS a, n + n a* A AdS = o , (5. 10) 

and the needed extra boundary action is 

5 bdry = - J d 2 ze 2p str(tt z tt- z ) . (5.11) 

On the bulk side, when we deform the AdS3 gauge field using (15.11) with general A^ s ^ 
we get a solution to the equations of motion 

nW± = ^^AWWe^ 1 ^ , (5.12) 

2*-l , 

= e _ v (-g) n " 1 9A w (z)e ( '- n) "yil ± ~ 2tt5^(z - w)e^ p V s { lf + ... , 

n=l ^ '' 
Q { p S)± = . 

See eqs. (I4.4p . (14.51) and (14. 6 p above. We only need to remember the source term in 
Q s which is the leading term in the p-expansion. The remaining terms are fixed by 
the equations of motion, given the form of Q z . It is nicer to write the field Q out into 
components = a ttm a Vm^ a , and then define the coupling to the boundary current 
as 

exp ( - i- J d 2 zm^;ll\\ hdly J^) . (5.13) 

This means that has conformal weight s. Here we have a factor of 2tt compared to 
earlier sections in the bulk-boundary couplings to be in harmony with eq. (15. 3p . 

We can now find the changes under the supersymmetry algebra using the equations of 
motion for Qm a found via (I5.10p . This determines the supersymmetry structure on the 
CFT side. We expect the higher spin currents to organize in multiplets W s0 , W s± , W sl , 
see appendix We readily fix the correspondence for the lowest supermultiplet - the 
super conformal algebra - using the result of the last subsection: 

1 ' 2 2 2 ' 

(5.14) 

W l± 4* ^(Q 3 / 2 + ± Q 3 / 2 -) ~ V2P ± V$ + . 
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Here the similarity sign is just the mnemonic rule for the generator in the leading term. 
In the general case we need the dual of W sl to be independent of k, otherwise G_y 2 will 
give higher spin solutions. We thus fix the normalization as W sl <H- and we then 

obtain the rest by working with the duals of G_ x , 2 in ( 15. 8 p and comparing with ( 1C.4|) as 



W sl n (s+l)+ _ y[s+l) + W so v+{2s-l)k (s)+ v+ (2s-l)k (s)4 

s 4(s-l/2) 4(s-l/2) 8-1 



or in terms of the currents 



(5.15) 



TT/sO _ V t(s)+ , 1 t(s)- 

4(s-l/2) 2 ' 



W 



s± 



J_(j(s+l/2)+ ± j( s+ 1/2)-n ^ (5.16) 

\/2 



5.3 States 



Finally, we can discuss how the boundary states should transform given the knowledge 
from the bulk side. We will denote the solutions to the equations of motion by 

CH ] ~ ^ 2 \z - w)e^ 1+5x ^ , (5.17) 

where, as above, we denote standard/alternate quantization by 5 = ±, and we just 
show the lowest component of the full solution. Indeed for A positive, the standard 
quantization leads to the asymptotically fastest growing solution. The dual operators will 
have conformal weights 

h [ £ = (1 + <?A±)/2 . (5.18) 
For the fermions we name the boundary conditions by 

C'tjS ~ Vs6 {2) (z - w)e^- s l 2+sx ^ , C%% ~ , (5.19) 

where the conformal weights of the dual operators are 

h? = 1 + * X± , h? = (1 = 51) 2 + 5X± . (5.20) 



The coupling to the boundary fields is (suppressing coupling constants) 

( J 2 ? (r^l n l[S], r 3/m\ n 3/2[8U 

I a Z ^ 1°0<T Ibdry^Oa + °<5/2a lbdry^ 5 / 2(J ) > 

" l_ X LI 



(5.21) 



=±,5=±1 
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and from this we can find the supersymmetry transformation of the boundary fields by 
using (15. 8p on the bulk fields. The important relations are 

6 A ±Ofe ] = 0, 6 A ±e?PM=0, (5.22) 



* A± 0jH = e±2V2^-±Ol^ , 6 A± 0%1 = <*^&™ , (5.23) 
and for the anti-chiral transformations (via conjugation) 



8 A± 0^ ] = , 5 A± C»W ] = , (5.24) 

* A± 0jH = , * A± 0$W = -?^OW . (5.25) 

Here we note that A ± changes sign on k and hence also choice of boundary conditions: 

C^?H (5.26) 



For the conjugated fields we obtain 



6 A ±d£ ] = 0, 6 A ±CV$2 = Q, (5.27) 

* A± <5JH = -e±2V2^d^ , * A± a^H = -e^-^&ff , (5.28) 



^O'ot 1 = , *A±0$£ J = , (5.29) 

3/2[+ 

A± ~-i/2±> -A— 1/ 2T ' ^ 



5 A± ajH = -e^^e^H , 5 A± a?; 2 2 w = e -i^a^ , (5 . 30 ) 



A- ^ V l- 

0!«1„ (5.31) 

A -<T \ |^ A <T 

where we remember that the conjugated fermions have opposite mass, i.e. Ogyfr has 
the same mass as 0' i J^\ a . Since we have a complex algebra, we can have two oppositely 
quantized solutions for each field. 
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6 Comparison with dual CP^ model 

In [12] we have proposed that the higher spin M = 2 supergravity of Prokushkin and 
Vasiliev [I] is dual to a large N limit of the Af = (2, 2) CP^ Kazama- Suzuki model (11.31) 

su(iV + l) fc © bo(2JV)! 

(6.1) 



su(N) k+1 ©u(l)jv(jv+i)(fc+jv+i) 

with the combination A = N/ (k + N) kept fixed. There is strong evidence supporting our 
claim, as mentioned in the introduction, and we now want to provide further evidence by 
explaining the results for the correlators from the CFT side. 

Before going into the details of the dual CFT analysis, let us first summarize the 
results obtained from the supergravity side in section HJ As discussed in section [2J the 
supergravity theory consists of higher spin gauge fields and massive matters. There are 
bosonic and fermionic higher spin gauge fields, but we have only considered bosonic fields 
generated by = Vm , whose dual current is denoted by J^ s \z). For the massive 
matter, the conformal weights of the dual operators are summarized in table [TJ The dual 
operators can be expressed by for the bosonic ones and Op h ^ for the fermionic ones 

where (h, h) denotes their conformal weights. 

In the bosonic case, the three point function with one higher spin current and two 
massive scalars has been computed in [2U1 E3] as 

(0 < S' h \z 1 )dP h \z 2 )J^(z 3 )) = N s (h) (^Y (0^ h) ( Zl )d^ h \z 2 )) , (6.2) 

where the factor is given by 

at fM (-ir 1 r( g ) 2 r( g -i + 2/ t ) 

Nsih) = T{2s-l)T{2h) ■ (6 - 3) 

For the complex dual operators, we have to multiply a factor (— l) s . In [20| [23] . they 
only considered the k — 1 sector with h — (1 ± A)/2, but it is easy to extend to the 
k = —1 sector with h = A/2, (2 — A)/2. In section HI we have extended the computation 
to the case with fermionic operators and the results (I4.35P can via (I5.18P and (I5.20p be 
summarized as 

(oP h \z 1 )OP h \z 2 )J^(z 3 )) = N s (h) (0p h) (z 1 )0 { p h \z 2 )) (6.4) 

up to a phase factor (— l) s . Here h — /i± 1/2. Notice that the factor N s (h) is the same 
as in the bosonic case. In the rest of this section, we would like to explain the result (16. 4p 
from the dual CFT viewpoint. 
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6.1 Dual CP^ model 

We would like to explain the results (16. 4p by considering how the map works between 
the massive matter in the bulk and the dual operators at the boundary. The Kazama- 
Suzuki model has a factorization of chiral and anti-chiral sectors. Let us first focus on 
the chiral part. Then the primary states are labeled by the representations of groups 
in the cosets as (p, s; u, m). The labels p, v are highest weights of su(iV + 1) and su(iV) 
and the other labels s,m are related to so(2iV) and u(l). As explained in [22] the label 
m is uniquely fixed by the other labels in the large N limit, so it will be suppressed in 
the following. Since we consider the NS-sector, we either have the identity representation 
(s = 0) or the vector representation (s = 2) for so(2iV). The conformal weights for the 
relevant states are [12] 

h(f, s; 0) = , h(0, s; f) = 2 ~|~ A (6.5) 

in the 't Hooft large N limit. Here f denotes the fundamental representation, and the 
conjugate operators are given by replacing f by the anti-fundamental representation f. 

The states of the full CFT have labels both of the chiral and the anti-chiral sectors. 
The CFT partition function is of the form 

Z(q) = \q'M 2 ^ Yl 6 (p-M(#0w)(?) » ( 6 - 6 ) 

p,v s,s=0,2 

where hu v .Aq) is the branching function of the state (p, v\ s). One point here is that the 
NS-sector is given by the sum of s = and s = 2 states. Thus the states dual to the 
bosonic matter can be expressed as (simply identifying via the conformal weights ( 15.181) ) 

Ol H = |f, 0; 0) L ® |f, 0; 0) R , = |f, 2; 0) L ® |f, 2; 0>* , (6.7) 

Ol M = |0, 0; t) L ® |0, 0; f) R , = |0, 2; f) L <g) |0, 2; f) B , 

and those dual to the fermionic matter are 

o% 2 H = | f) . 0)l g, | f> 2 . 0)r ; m+] = | f? 2 . 0)i | f; . 0)r ; (6 8) 



= |0, 0; f)x <8) |0, 2; f)* , = |0, 2; f) L <g) |0, 0; f) 



1/2- — l u ! u > l /i ^ l u ) V-K > ^-1/2 



A' 



The conformal weights of these states are the same as in table [TJ 

As we saw in section [21 the generators P±Vm^ + with s — 2, 3, . . . generate hs[A±]. It is 
also known [12] that the algebra can be realized as the quotient of the universal enveloping 
algebra C/(sl(2)) by the ideal generated by fixing the quadratic Casimir to (A 2 — l)/4 

*M«C = (6.9) 
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In eq. ( 15 .7|) we saw that the dual action of P±Vm^ + on the states Oq± is given by L m , 
and indeed we find that the quadratic Casimir, when acting on these states, has just the 
right value 

C 2 \0^) = (Lg - \{L +1 L^ + L^L +1 ))\0^) = - 1)|C© . (6.10) 

This now gives a representation of the higher spin algebra on our states which we identify 
with ( M )+ ± J$~)/2, where m are the modes having \m\ < s. In particular, we can find 
the action of the zero modes on our states which directly determines the pre-factor N s (h) 
in the three-point function (16.21) . The eigenvalue depends only on A and the conformal 
dimension of the state. For the projection onto k = 1 we can thus directly take over the 
result of the analysis of the bosonic case made in [23J. 

J { s \\i, 2; 0) L ® |f, 2; 0) R ) = iV s (i±^)(|f, 2; 0) L ® |f, 2; 0) R ) , (6.11) 

4 S \\0, 2; f) L ® |0, 2; f}*) = tf.(^)(|0, 2; f) L <g> |0, 2; f> fl ) , 
where the coefficient N s (h) is defined in (16. 3p . Replacing A by 1 — A, we can also find 

J (s) (|f, 0; 0) L <g> |f, 0; 0) R ) = iV s (|)(|f, 0; 0} L ® |f, 0; 0) fl ) , (6.12) 

J«S s) (|0, 0; f) L ® |0, 0; f) fl ) = iV s (^)(|0, 0; f) L <g> |0, 0; f) H ) . 

Now the point is that the higher spin generator Vq acts only on the chiral (left-moving) 
part, so the argument immediately extends to the fermionic states. Namely, we obtain 

4 s \\i, 2; 0) L ® |f, 0; 0) R ) = iV s (^)(|f, 2; 0) L ® |f, 0; 0) R ) , (6.13) 
J (s) (|0, 2; f) L ® |0, 0; f)*) = iV.(^)(|0, 2; f> L ® |0, 0; f)«) , 
4 s \\f, 0; 0) L ® |f, 2; 0) fl ) = iV s (|)(|f, 0; 0) L ® |f, 2; 0) fl ) , 

J«; s) (|0,0;f) L ® |0,2;f> fl ) = iV fl (^)(|0, 0; f> L ® |0,2;f> fl ) . 

This reproduces the supergravity results in (16 .4p . 

In principle we could also have used that the superalgebra shs[A] is generated by the 
enveloping algebra of the Af = 1 superalgebra osp(l|2) given in (1A.5[) 

where C*2 is the quadratic Casimir of osp(l|2). Instead, we will in the next section directly 
use the supersymmetry of the dual CFT to reproduce the results. 
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6.2 J\f = (2, 2) supersymmetry 

We will now use the M = (2,2) supersymmetry of the dual CFT to reproduce the 
results from the bulk. 

Two-point functions 

In the large N limit we know that the coset fields in eq. ( 16. 7p are (anti-)chiral primaries 
[12], see also [30] • These fields come together with the fields built of anti-fundamental 
representations, and which have opposite supersymmetric chirality. On the bulk side these 
fields correspond to the tilded operators. 

We will now switch to standard supersymmetry notation. In the superconformal 
theory we thus have two chiral fields which we denote 4>h±, where h± = (1 — A±)/2 is the 
conformal weight. Relating back to the bulk side notation we thus have 

0^ = 0^, 0,_ = a; H . (6.i5) 

The remaining fields in the supermultiplet we denote as (see appendix [Cj 

*Ph ± = GZ l/2 <ph ± , = Gt 1/2 4>h ± , (6.16) 

^ = GZ 1/2 G + _ 1/2 <P h± • (6.17) 

Naturally we also have the anti-chiral multiplets alongside. We then explicitly have the 
following relation of notation: 

T^OlP , C = - (2k± h ~ 1)2 T+O^ , (6.18) 



Vfc ± = iv^^VoW , ^ = iV^^I^T^W . (6.19) 



Where T + is the identity and T puts a tilde on the operator. While for the anti-chiral 
multiplets, we have 

4> h± = T^Ol [ ± ] , ^ = ~ (2 ^~ , (6.20) 



We start by considering how the supersymmetry algebra determines the relation be- 
tween the two-point functions. From the conjugation structure in ( 1B.40|) . we see that the 
possible non-zero two-point functions are 

(0^dl [ - ] ), {O^dl'^l) , {0%16%1), (O^m . (6.22) 
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From the CFT point of view, this is just saying that we need to combine a fundamental 
representation with an anti-fundamental to get the identity representation. 

We can now find the relation between these correlators using the supersymmetry Ward 
identities 

— / dz(e(z)G ± (z)0) = , (6.23) 
2m J 

where e(z) is maximally linear and the integral encircles all the operators denoted by O. 
We note that a simple zero can be chosen in e(z) to avoid an operator having a simple 
pole OPE with the supercurrents. 

With the OPEs in appendix IC.3I the relations are 

(ip h± (z)ijj h± (w)) = -2d w ((p h± (z)4> h± (w)) , 

(4 ± (z)^ ± H) = -29*^(20^(10)) , (6.24) 
(C P W£>)> = -4^4(^ ± (z)4 ± H> , 

or without coordinates 

(^ ± (oo)^ ± (0)) = (4 ± (oo)4 ± (0)) = -4/i±(^ ± (oo)0 fe± (O)) , (6.25) 

«(oo)0r ± P (O)) = -(4/ i± ) 2 (0, ± (oo)4 ± (O)) . (6.26) 

Note that we could also have done this directly in the bulk theory by relating solutions 
of the bulk equations of motion, but the CFT method is more familiar to us. In terms of 
the bulk terminology this e.g. means 

Bosonic projection 

In the bosonic projection of the bulk theory, we only keep operators commuting with 
k, and further project onto an eigenspace of k. For the CFT states we keep 

P + ■■ <P h+ , k + , 0l°_ P , ~^T- , (6-28) 
for the projection onto k = +1 and 

P- - 4>h- ,h- , < P , < P , (6-29) 

for the projection onto k = —1. For the symmetry currents we keep which in the 

projection is equal to iJ^ - . Below we will directly see how the symmetries of the bosonic 
CFT is embedded into the supersymmetric coset theory. 
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Three-point functions 

We can now easily explain the bulk results for the correlators using right-moving su- 
persymmetry transformations. The idea used in [23] on the bulk side was to get the 
three-point function by starting from a two-point function and making a gauge transfor- 
mation. In the CFT language this is the Ward identity 

(<f> h± (zi)4> h± (z 2 )J^ + (z 3 )) = ^-f dz—^—ifa^z^h^J^+iz)) (6.30) 

./•.. z - z 3 



2ixi J Z1 z - z 3 ;:; = ' 2-ki J Z2 z - z 3 

To get correlators involving fermions from the bosonic three-point functions we do a 
supersymmetry transformation using the right-moving versions of the OPEs in appendix 

(i> h± { Zl )i> h± {z 2 )J^ + {zz)) = ^ jf dz(G-(z)<f> h± ( Zl )i) h± {z 2 )J^ + (z 3 )) (6.31) 
dz^h^G-iz^^J^+izs)) = -24 2 (^ ± (^i)4 ± (^)J (s)+ (^ 3 )) • 



2m 



Z2 



The point is here that the right moving supercurrent does not have an OPE with the 
left-moving higher spin current. Now, knowing that 

(<f> h± (zi)4> h± (z 2 ) J {s)+ (z 3 )) = A h± (z 1 ,z 2 ,z 3 )(4> h± (z 1 )4> h± (z 2 )) , (6.32) 
we directly get from the comparison of two-point functions in eq. (16. 24ft 

(^ ± (^i)^ ± (^)J (s)+ (^3)) = A h± {z 1 ,z 2 ,z 3 )(i !h± {z l )^ h± {z 2 )) . (6.33) 

This is exactly the result obtained on the bulk side, i.e. that correlators with fermions 
have the same pre-factor as the bosonic correlators. We also need to show this for the 
fermionic states Vfc±- Relating to correlators with 0/ l± would not give such a simple 
relation since the left-moving supercurrent would also have an OPE with the higher spin 
current. However in the comparison of the bosonic result (16.21) and the fermionic result 
(16. 4p we see that we exactly should relate to the top components. We then have in the 
same way 

(C P (^i)0i° ± P (^)J W+ (^)} = 2d- Z2 ^ h± (z l )^ h± (z 2 )J^(z 3 )} . (6.34) 

Given that 

(A ± (zi)iph ± (z 2 )J is)+ (z 3 )} = B^zu^zsM^zJ^fa)) (6.35) 



32 



we thus again conclude that the coefficients have to be the same for the bosonic correlators 
i.e. 

(<PTM)~^TM) J{S)+ ^)) = B ^ «i)CWSW> • (6-36) 

Let us finally show that we can also get the correlators with a fermionic current via 
supersymmetry. Let us for simplicity consider the correlator with the boson <ph+i the 
fermion and thus the current W s ~. We find via the Ward identity 

{<j>h + {zi)^MW s -{zz)) = (iP h+ (zi)4>h + (z2)W s0 (z 3 )) 

+ 2d Z2 (<p h+ ( Zl )4> h+ (z 2 )W s0 (z 3 )) . (6.37) 

Using the Ward identity with a linear parameter that is zero in z 3 , we can relate the 
correlator with the fermions to that with bosons. We then get 

{^> h+ {zMhM) WS ~(^)) = 1—{z 12 d Z2 - 2h + )((j> h+ (z l )$ h+ (z 2 )W s0 (z 3 )) 

%13 

= -—(4> h+ (^)k + (^W 30 {z 3 )) , (6.38) 

where in the last equation we have used that the coordinate dependence of the three-point 
function is fixed. 

6.3 Recursion relations 

We can now in principle calculate all the correlators related by supersymmetry, i.e. 
within the supermultiplets. However, on the bulk side we know that in correlators the 
value of k is fixed by the matter, k = ±1. This means that for our correlators, we have 
a relation between the two bosonic spin-s generators = ±J^ + . In this section we 

will assume this to be true in the CFT theory also. We can then easily obtain a relation 
between the correlators with a spin s and a spin s + 1 current. Indeed, using (IC.4j) we get 

= -L I dz±^(&(z)</> h± (z 1 )i h± fa)W*-fa)) 
-~< ./..: - z 2 

= ^( Zl )]> h± ( Z2 )(J^W s \z 3 ) + 2W s \z 3 ) + d Z3 W a0 (z 3 ))) . (6.39) 
z 3 — z 2 

Using ( I5.16P and that k = ±1, we then get the recursion relation 

(A, ± (Z1)4 ± (Z 2 )./ (I+1)+ (Z3)} 
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For the spin one case we can use that W 10 = U and W 10 = (u.J^ + + jW )/2 to calculate 

(0, ± (^ 1 )4 ± (z 2 )j( 1 ) + (^)) = ±-^(<t>h±(z 1 )4 h± (z 2 )) • (6.41) 

^13^23 

This is the same result as obtained in [22] up to the factor of 2ir which comes from 
bulk-boundary coupling. Performing the induction step we now finally obtain 

(6.42) 

which is the result conjectured in [23] (up to the 2tt factor). 

We have thus seen that considering the untruncated supersymmetric theory provides 
us with much stronger symmetry than the bosonic truncation. In particular, the super- 
symmetry algebra along with the knowledge of how the multiplication with k works on 
the bulk side, gives us the result in a very simple way. Note that on the bulk side the 
multiplication with k can be obtained in the Lie superalgebra as follows: For the fermionic 
operators, simply consider the commutator with k, for the bosonic operators consider the 
commutators with Vm^~ ■ Indeed, it was shown in appendix IB. 41 that the supertrace is 
determined by all generators with spin 2 and less. This leads us to suspect that the cur- 
rents of spin 1, 3/2 and 2 generate the whole super W[A] algebra as we will show in the 
following. 

6.4 Symmetries of the coset CFT 

In this subsection, we give an explicit realization of generators of the symmetry algebra. 
Consider the affine Lie algebra su(iV + 1)^. It decomposes as 

su(iV + l) fc = su(iV)fc © u(l) © V N © , (6.43) 

where Vjv denotes the N- dimensional fundamental representation of su(N) k and is 
its conjugate. Denote the corresponding fields by (J a , J , Bf) . We view the 2N real 
fermions as iV complex ones, then the (linear) fermions themselves decompose into the 
fundamental and anti-fundamental representation of su(iV)i, while the bilinears in the 
fermions are su(iV)i ©u(l). Denote the fields by (j a ,j, i^f)- Then the coset algebra is the 
subalgebra of the symmetry algebra of the parent CFT that commutes with the symmetry 
algebra of the theory we quotient by. In our case this means we are looking for fields that 
commute with su(iV)fc + i ©u(l), i.e. with the currents 

K a = J a +f , K = J + j . (6.44) 
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We find the following elements that, as we will explain in the next subsection, already 
generate the complete symmetry algebra under iterated operator products; 
1 ~ k 

U = jv + fc + i ^ _ ivTT^ ' w = Ts1i(iV)fc + ~ T MN) k+1 , 

(6.45) 

G ± = 2^ Bf^f , T = T S u( A r + i) fe + T fcrmion - T S u (A r) fc+1 - T% . 

i 

The first one is the obvious U(l)-current with normalization from (1C.1I) and calculated 
using that J(z)J(w) ~ iV(iV + l)k/(z - w) and j(z)j(w) ~ N(N + l) 2 /(z - w). The 
following two fermionic dimension 3/2 fields are the invariants of the tensor product of 
the fundamental representation with its conjugate and since and tp commute, this 
implies them being in the commutant. Finally, the dimension 2 field T is the Virasoro 
field of the super coset, while the dimension 2 field W is the Virasoro field of the bosonic 
coset of the theory, i.e. of the coset 

su(N) k ®£i(N) l 

sH(N) k+1 ' 1 ' ' 

Actually, any field of the symmetry algebra of the above bosonic coset is also a field of the 
symmetry algebra of the supersymmetric coset. The reason is, that s\x{N)k ©su(A^)! is a 
subalgebra of su(iV+l)fc©fermions that commutes with the u(l) of the nominator. Hence, 
the symmetry algebra of the supercoset restricted to this subalgebra is the symmetry 
algebra of the bosonic coset. The latter has the bosonic WV algebra as symmetry algebra, 
that is for each spin s = 2, N one generator which we denote W§. W is not a primary, 
since the operator product with T is 

K J K J (z-wY z-w) 2 (z-w) v ' 



where q, the central charge of the bosonic coset (16.46)) . Using this OPE and (jC.ip we see 
that the field 

W 20 = W + j^- c (T-^-:UU :) (6.48) 

is primary and has vanishing operator product with U. It is thus the field that is the 
bottom component of the M = 2 supermultiplet, however now even in the finite N case. 
In the large N limit we have c& ~ N(l — A 2 ) and c ~ 3(1 — A)iV and hence 

W 20 = W- - A : UU :) . (6.49) 

This is exactly what we expect from the bulk side, up to the : UU : which is zero for finite 
U charges. The point is that the bosonic hs[A] subalgebra is generated by P + V^ + with 
dual currents (J (s)+ + J (s) ~)/2, whereas T is J (2)+ and W 20 by fl5TT6|) is 

w . = (6 50) 



35 



which exactly solves to ( I6.49p . 

Thus to provide a check of the bulk fact that k = ±1 in the correlators, which we 
used successfully in last section, we need to show that W on our matter states act as T 
or zero. We will thus give an explicit mapping of the matter states to the bosonic theory. 
First to leading level, the identity representation s = of sb(2A^)! transforms in the 
trivial representation of sh(N)i, while the vector representation, s — 2, transforms in the 
fundamental plus anti-fundamental representation of su(iV)i. Since in the nominator, the 
su(A^)jt + i are the same, primaries also transform in the same representation. Further, the 
(anti-)fundamental representation of su(iV + 1)^ decomposes into the ( ant i-) fundamental 
and the trivial representation of su(iV)fc and the trivial module of course remains trivial. 
We then obtain 

(f,2;0) — ► (f,f;0) 6 , (0,2;f) — ► (0,f;f) 6 , (6.51) 

(f, 0; 0) — ► (0, 0; 0) 6 , (0, 0; f) — > (f, 0; f) 6 , (6.52) 

where for the last state we have used that it appears on the second level. In fact, this 
was already used in [12] when we calculated its conformal weight. These identifications 
were also obtained in that paper when we expanded the partition function to low orders. 
The two upper states are the k = 1 states and we indeed see that these have the same 
conformal weights for the full and the bosonic Virasoro tensor. The two lower states have 
k = —1 and they nicely have conformal weight zero in the large N limit. 



6.5 Generating fields of the symmetry algebra 

We claimed that the fields of (I6.45P already generate all other fields of the symmetry 
algebra under iterated operator products. We know that the bosonic subalgebra is gen- 
erated by the fields of spin 1,2,3, see e.g. Lemma 4.1 of [16]. We also know that the 
bosonic and fermionic generators combine into multiplets of the M = 2 super conformal 
algebra. Hence, if U,G ± ,T,W generate the spin three fields under OPE, then they al- 
ready generate the complete algebra. Let us take the limit k — > oo. In that limit the 
invariant fields can be described as the U(iV) invariants of N pairs of fermions 6j,Q and 
N pairs of bosons dXi, dYi with operator products 

Here b and Y carry the fundamental representation of u(iV), and c and X the conjugate 
representation. The invariants of spin 1,3/2,2 are 

: bid :, : hdXi :, : CidYi, : hdcj :, : Cidbi :, : dXidYi : . 
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We compute the following contributions to the operator product 

: adbi : (z) : adY, : (w) ~ ■ • • + ' ^ J , (6.53) 

: fe^Xi : (z) : dc^Y* : (w) 1 -, r , 

(z — w) 

: dXm : (z) : d 2 XMi - dbid* :(«;)-•••+ 3 : " (w) + . . . , 

[z — w) z 

where the dots denote contributions from other poles. These operator products show that 
the spin three fields : d 2 XidY\ :, : dbidci : appear. We have thus established that in the 
large k limit the symmetry algebra is generated by the spin 1, 3/2 and 2 fields. The same 
statement is true for generic finite level k, as one can continuously deform the operator 
product algebra, see [37] . 



7 Conclusion and outlook 

In [12] we have proposed that the higher spin Af = 2 supergravity on AdS3 constructed 
in pQ is dual to the 't Hooft limit of the CP^ Kazama-Suzuki model (11.31) 

su(iV + l) fc ®so(2iV) 1 

Su(iV) fc+ i © u(l)jv(iV+l)(fc+JV+l) 

This conjecture has been supported by the analysis of symmetry and spectrum. In this 
paper, we have examined correlation functions to add more evidence. Concretely, we have 
computed boundary three point functions with two fermionic operators and one bosonic 
higher spin current from the dual supergravity theory by applying a method in [23] used 
for the bosonic duality. The results are summarized in eq. ( 16. 4 p and shown to be a result 
of supersymmetry in the CFT analysis. 

It is useful to observe a relation between the two bosonic currents of spin s when 
acting on the dual matter states, which is evident on the bulk side. Using the relation 
and the supersymmetry, we obtain a recursion relation between correlators of currents 
with spin s and s + 1. This recursion relation reproduces the previously conjectured 
result of [23]. Further, we constructed the M = 2 supersymmetry algebra explicitly in 
the super coset theory together with the second current of spin two via an identification 
of how the bosonic W[A] algebra is obtained as a sub- algebra. We also showed that these 
spin two currents have the expected relation on the matter states. Finally, we have proven 
that the currents of spin 1, 3/2 and 2 generate the whole super W[A] algebra. We thus 
expect that all higher spin currents also have the correct relations on the matter states, 
but have postponed this analysis to future studies. 
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In [T3] we have also proposed the J\f = 1 version of the duality, and the analysis in this 
paper can easily be applied to that case. This is because the gravity theory is obtained 
by the M = 1 truncation of the M = 2 supergravity pQ , while the M = 1 supersymmetry 
of the dual CFT can be treated as a sub-algebra of the M = 2 supersymmetry. 

There are several other open problems worth studying. On the CFT side we have 

used supersymmetry to calculate correlation functions involving a fermionic gauge field 
j(-+i/2) like 

(o^ h \ Zl )d { F h±lM (z 2 )J^ +1 / 2 \z 3 )) (7.1) 

with s G Z, see (I6.38p . This result should be obtained by a direct computation from the 
supergravity theory. The necessary structure constants of the higher spin algebra have 
already been calculated in appendix IB. 41 

In this paper, we have focused on the 't Hooft limit of the CP^ model, but it is im- 
portant to study the 1/N corrections. Applying the duality, we can examine the quantum 
effects of supergravity from the 1/N expansions of the dual CFT, and these effects could 
be more tractable in our supersymmetric setup. For instance, we can compute three point 
function with one higher spin current where k, N are kept finite, in principle. Other cor- 
relation functions would be important as well. In [211 El] four point functions of scalar 
operators are investigated, and it was argued that some extra states would appear if 1/N 
effects are included. We would expect similar things to happen in our case. Finally, by 
introducing supersymmetry we may be able to see the relation to superstring theory as 
discussed in [28J, since higher spin supergravity is believed to be related to the tensionless 
limit of superstring theory. 
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A Higher spin algebras 

In this appendix, we review some useful facts on the higher spin algebras hs[A] and 
shs[A]. 
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A.l Structure constants of hs[A] 

The higher spin algebra hs[A] are generated by with s = 2,3,... and \m\ = 
0, 1, . . . , s — 1. The commutation relations among the generators are 

s+t-\s-t\-l 

[V^X]= E 9u(rn,n;X)V^ + n U , (A.l) 

u=2,4,--- 

and the structure constants are given as 



9u(rn, n; A) = ^ ffl^K n) . (A.2) 

Here we have defined 

N?(m, n) = ^(-l) fc ( U 1 J [s - 1 + m] u _ 1+fc [s - 1 - m] fc [t - 1 + n] fe [t - 1 - n] u _i_ fe , 



fc=0 



1 I \ 1 \ 2— it 1 — u 

2 ' 2 ' 2 ' 2 



!.St 

^ = 4-^3 

2 °' 2 "'2 



+ A, j — A, 



(A.3) 



with [o] n = r(a + l)/r(a + 1 — n). We set the normalization constant as q = 1/4. 

A.2 Structure constants of shs[A] 

We can generalize the higher spin algebra hs[A] by incorporating M = 2 supersymmetry 
. The algebra may be called as shs[A] as in [12], and it is generated by 



K (s)+ (a = 2,3,.-.) , (a = 1,2,-..) , F^ = ^ s+1 / 2 )± ( a = 1, 2, • • • ) (A.4) 

with \n\ = 0, 1, . . . , s - 1, |r| = 1/2, 3/2, . . . , s - 1/2. The generators V (2)+ , V$ + , FJJ+ 
form a basis of osp(l|2) subalgebra as 

[Ki 2)+ , K (2)+ ] = (m - n)v£lt , [Vl 2 ) + , F«+] = (±m - r)F^ , 

= 2V$+ . (A.5) 
Among the other generators, (anti-) commutation relations are 

[Vl 2)+ , K (s)± ] = (-n + m(s - l))V^ n , [V^ + , F^} = (-r + m(s - \))F^ n , 

{F«+, F}-»+} = 2V r % , {F«+, FW-} = |(r - 5 + i)V^ 2 . 

Here the labels take n, m G Z and r G Z+l/2 satisfying |n|, |m| < s — 1 and |r| < s — 1/2. 
We can show that + ^, F^i, Vq 2 , V^ -1 " generate osp(2|2) subalgebra. The other 
commutation relations can be found in 
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B Star product approach to higher spin algebras 

In this appendix we introduce the star product on the shs[A] and use it for some 
explicit calculations. 

B.l The star product 

The superalgebra shs[A] is generated by y a ,k with 

[Va,yp] = 2ie aP (l + vk) , {k,y a } = (B.l) 
and €12 = — £21 = 1- We express the generators as 

where are symmetric products of y a . Denoting the numbers of yi^ as Ni t2 , the indices 
are 

jVi + N 2 = 2s - 2 , JVi - N 2 = 2m . (B.3) 

For a short while, we ignore the effect of k and set = Vm . The star products among 
can be expressed as fl2T7j) 

s+t— \s— 1\— 1 

^•^=2 E ^K^A/O^tT (B.4) 

u=l,2,- 

with Afc = (1 — vk)/2, i.e. P±A^ = A±. The expression is quite useful for the bosonic 
subsector with s, t,m,n G Z, since the closed form of structure constant is conjectured to 
be given in ( )A.2j) . For the case involving also half integer s, t, m, n, we have to compute the 
coefficients g^(m,n; A&) directly by applying the commutation relation ( IB.lj) or deduce 
them from bosonic ones. 

B.2 Some explicit calculations for Vm and V m 

In order to derive the field equations for matter fields in the AdS background, we need 
to compute the star products between V±y 2 , V^ ±1 and generic V^. Since the detailed 
analysis have been done in appendix C of [20J, the task now is only to change the basis 
of the symmetric products from y( ai ■ ■ -y an ) into S^. For the computation with the 
multiplication of V±y 2 (or one y a ), we may utilize eq. (C.12) of the paper. By changing 
the basis we obtain 



4^ = C|-^-2,^)^fCl (B.6) 
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with 



a[n 



n 

> vk ) = 2 E r-XTT^ -< + !)(! + R^) (B.7) 



n + ^rr^/c for n G 2Z , 

n+l ' 

n + vk for n G 2Z + 1 



In the same way we have 



with 



b(n,vk) =2j2 T ^—(-i)(l + (-)-Vfc) (B.10) 
-n + -rrz/fc for n e 2Z , 

n+l ' 

-n — vk for n e 2Z + 1 . 

Applying V±y 2 (or y a ) once again, we obtain the equations similar to (C.15) and 
(C.19) of [20] and from them we can read off the coefficients g^(m,n; Afc) for s = 2 or 
t = 2. For the bosonic case with s,t£Zwe can reproduce the formula in flA.2j) . For 
s G Z + 1/2, relevant formula are 

<? 2 2s (0,m;A fc ) = -m(l-4^) , 3 2 s2 (m,0;A fc ) =m(l + i^) , (B.ll) 

g 2 2 s (l, m; A fc ) = (s - 1 - m)(l - ^fy) , ^ 2 (m, 1; A fc ) = -(s - 1 - m)(l + ^fj) , 

g 2 2 s (-l, m; A fc ) = -(s - 1 + m)(l - ^fy) , </f (m, -1; A fc ) = (s - 1 + m)(l + ^g^y) 
and 

3 3 2s (0, m; A fc ) = -32(^(5 - 1 + m)(s - 1 - m)(2s - 1 - 2A fc )(2s - 3 + 2A fe ) , (B.12) 

g 2 3 s (l,m; X k ) = ^^{s - 1 - m)(s - 2 - m)(2s - 1 - 2A fc )(2s - 3 + 2A fe ) , 

gl'{-l } m; Afc) = ^(^(s - 1 + m)(s - 2 + m)(2s - 1 - 2A fc )(2s - 3 + 2A fc ) . 
We can also show that 

gl s (n,m;X k ) = gf(m,n;X k ) (B.13) 

even for s e Z + 1/2. 
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B.3 Automorphisms and anti-automorphisms of the higher spin 
algebra 

As already founcjfl in [H] we have a Z 4 anti-automorphism of the supersymmetric 
higher spin algebra which exchanges order and takes 

cr(y a ) = iy a ■ (B.14) 

The action on the generators are then: 

*(Vl s)± ) = (±) 2s (-l) s - 1 V^ . (B.15) 

In order to see the fc-dependence more explicitly, we use a bit different notation for the 
coefficients of the star-algebra as 



Vl s)+ * V®+ = ~ £ g?(m, n; A, k)V^- u)+ (B.16) 

u=l,2,- 

with A = A + = (1 — v)/2. From these coefficients star products involving vjh 1 are trivial 
to obtain. Due to the anti-automorphism these coefficients fulfill 

g?(m,n;\,k) = (-l) 1+u #„ (n, m; A, (-l) 2( * +s) fc) . (B.17) 

To get the action on the fields, we demand that the equations of motion (12.271) are kept 
invariant. We thus demand that the order of fields gets exchanged, that 77 exchanges C 
and C, and exchanges signs on A and A. On the fields we then get 

r,(C^) = (-ir +1 CV 1)2S(J , v(A s m , a ) = (-l)- s A^ { _ 1)2sa , (B.18) 

where A = ^ CT)S X)i m |<s-i ^^m,a^m- Note that this is indeed fulfilled by the AdS 3 
solution without any changes of coordinates. 

We note that the superconformal algebra (10. 2[) has the same anti-automorphism for 
its global subalgebra: 

U i-> U , 

L m ^-L m , m = -1,0,1, (B.19) 
^±1/2 ^ ^±1/2 • 

Whereas the isomorphism k 1— > —k and A 1— > —A descends from the affine automorphism 
taking U !->■ —U and G ± G T . 



3 In comparison with |44] we use that we have an isomorphism relating shs[A] and shs[l — A] via k n- — k 
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We can also realize a Z 2 anti- automorphism which changes order and maps (yiY = y%, 
i.e. on generators (Vm^ + Y = Looking at what happens to the sl(2|l) sub-algebra, 

we see that this is simply transposition on the finite matrices recovered for A G Z, and 
this is the reason that we denote it with transpose. On the CFT side it extends to the 
standard conjugation on the whole affine algebra taking l) m = L_ m , = Gf m and 

U]n = U -m- 

Finally, we can also make a Z4 automorphism by combining the two anti-automorphisms. 
Up to a conjugation, we can do this by taking y\ h-> — y 2 and y 2 1— > yi, and ipi i-> This 
maps Vm i-> (—l) m+s ^ 1 V^ iz . We then demand that this maps C 1— > C and A h-> A. 
The last indeed happens for AdS3 if we at the same time map z 1— > z. This means that 
on the C-fields we get the following transformation 

C s m , a H- (-I)"™- +1 Ci mta . (B.20) 

For the Lie superalgebra we define coefficients 

g<M*(m, n; A, k) = \g s u \m, n; A, k) - (-i)«I^( n , m; A, k) . (B.21) 

Using ( 1B.17P we get for the bosonic subalgebra 

g^(m,n-,X,k) = (-irg^(m,n-,X,k) , s,teZ, (B.22) 

and for the anti-commutator of two fermionic operators 

</ Lie C (m, n; A, fc) = (-l) u+1 ^ Lie ):*(m, n; A, fc) , for s, t e Z + 1/2 . (B.23) 

To get a nice result for commutators of bosonic with fermionic operators, we would need 
to show that the structure coefficients with odd u are independent of k, but we will refrain 
from doing that here. 

B.4 Supertrace 

In this subsection we will construct the supertrace on the shs[A] © C Lie superalgebra 
and show that up to a normalization and one relation it is uniquely determined by the 
M = 2 superalgebra and multiplication with k. Put differently, we need to use the 
invariance under all the generators with spins 1,3/2,2 and their commutation relations, 
which were found previously. We will also see that the supertrace has a simple form 
in terms of the star product. This form will in turn gives us the structure constants 
^!f-i( m > -m;X,k). 

An inner product, str( , ), on a Lie superalgebra Q = Go + Q\ is defined by jH] 
str(X, Y) = for all X e Go, Y e Gi (Consistent) 

str(X, Y) = (-i) dc sX-dc g Y gtr( ^ X ) for aU X ,Y EG (Supersymmetric) 
str([X, Y}, Z) = str(X, [Y, Z}) for all X, Y, Z G Q (Invariant) (B.24) 
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where [ , } denotes the (anti-)commutator. We can now use these properties to explicitly 
construct the supertrace up to two undetermined constants. The whole subalgebra splits 
up into supermultiplets which are related by multiplication with k. Thus, the invariance 
of M = 2 superalgebra and simple multiplication with k are all that we need besides 
consistency and (super) symmetry to determine the supertrace. 

Basically, we want to determine str (V™, V^F') . The invariance under the sl(2) sub- 
algebra V^ + , with commutation relations given in ( 1A.6j) . gives us 



str (V, Vli) = (-l) m (m + \ (3 1 ! ( i )!)2 m str (V , V-') for s G Z , (B.25) 

str (v~, Vli) = {^) m - ll2 {j J^^^f§ Btr (V 1% , Vl( /2 ) for s G Z + 1/2 . 

Next we need to know what the dependence on k is. First for the fermionic part we use 
[k, V^] = 2kV^ and invariance to get 

str(kV^kVl m ) = -str(V^Vl m ) for a G Z + 1/2 , (B.26) 

str (jfeV£, Vi m ) =0 for s G Z + 1/2 , (B.27) 

where in the last equation we have used that the supertrace is anti-symmetric in the 
fermionic generators, and that it is an odd function in the m-labels for fermionic gener- 
ators, see eq. (1B.25|) . For the bosonic part we need the multiplication with k. That is, 
we also use the following commutators kV^ = —^[kV^V^] and [kV^kV^] = [V 2 , V^] 
together with invariance under kV^. Hence, we are using the invariance of all generators 
of spin 1, 3/2, 2. We then get 

str (kV^, Wt m ) = str (V£, Vl m ) for s G Z and s > 1 . (B.28) 

Further, we use that {kV^/? 2 , Vy 2 2 } — ^1/2] anc ^ using the explicit star prod- 

ucts calculated above, we get 



str (W^, Vl m ) = str (V^, Vl m ) for s G Z . (B.29) 

Since we have a non-trivial ideal being the span of the identity operator, we have to 
determine the normalization of str(l, 1) together with the normalization of say str(/c, k). 
We will make a star product construction of the supertrace, so with this in mind the most 
natural choice is str(/c, k) = str(l, 1) leaving only the overall normalization undetermined. 
The supertrace is finally determined using the stepping relation coming from invariance 
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under Vm 2 ■ Using the above result we get 
str Vl m ) = ±(m + (s - 1)) str {v^\% V^ 2 /2 ) for sfZ, (B.30) 

Btr (V*. Kf m ) = i(m + (5 - 1))(1 - ^3^) (v^\%, V^H /2 ) for sGZ + 1/2 
with the solution (presented in the form using the projection onto /c-eigenspaces) 

str (FH£, P^J (B.31) 
(-l) s - m - 1 r(s + m)r(s-m) r(s)v^F 



(2s -2)! 4 s r(s + l/2) 

for s6Z and 



;i-A ± ),_ 1 (l + A ± ),_ 1 A± 



str(P ± V^,P^K! m ) (B.32) 

(_l)^ m -i r(g + m)r(a _ m) r( a -jyi 
= (^T^i (i-^h-^ + Kl-lK 

for sGZ+ 1/2, where we used the ascending Pochhammer symbol (a) n = T(a + n)/T(a), 
and for simplicity have taken the normalization str(l, 1) = 1. This indeed has a form 
similar to the invariant metric suggested in [45J , and the bosonic case gives the same result 
as in [TB] eq. (A. 3) with q — 1/4 (and remembering the different overall normalization). 

We can now show that such an inner product indeed exists and has the following star 
product form 

str V^) = 2X k * V£ * Vi? 1 1 , (B.33) 

where the projection is onto the span of the identity operator. Here = (1 — uk)/2 
as before, and we have normalized such that str(l, 1) = 1. We are here of course forced 
to have str(/c, k) = str(l, 1). This is immediately consistent, and we also see that the 
spins of the two operators have to be the same, and the m-numbers have to be opposite. 
If we can show supersymmetry, invariance will follow immediately via the definition of 
the star-supercommutator. Supersymmetry is almost determined by the automorphism 
a (IB~T5|) : 

2A fc * V« * Vtf\ x = a(2\ k * V* * = (-l)^'- 2 (5) 2s+1 (5') 2s ' +1 2A fc * Vj * . 

This shows symmetry in the bosonic case and anti-symmetry in the fermionic case when 
5 = 5'. Since it says that we have symmetry in the fermionic case when 5 ^ 5', we need 
to show that we here get zero. As we have also seen above, it will be a consequence of the 
anti-symmetry. To show this we first see explicitly that it is true for the spin 3/2 part; 
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2Afc * Vm 2 * kVl{%\ 1 = 0. This means that we have invariance for the supercharges. This 
gives us the wanted result (assuming here for simplicity m/s-1/2) 

oc str {{W: v V$}, VZ%) = str (k[V^, = • (B-34) 

We thus have supersymmetry and the explicit equations for the supertrace above applies. 
On the other hand the star product formula for the supertrace means that 

str (P a V^ + , Po>V°'/) = 2$x,(-i)a-«A,.'£m -m'Kg^-tim, -m; A, k = al) , (B.35) 
which gives us explicit formulas for the structure constants 

g£_ 1 (rn,-m;\,k = al) (B.36) 



■"- 1 r(s + m)r(s -m) 2r(s)v^F 



(2s -2)! 4 s I\s + l/2) 

for s6Z and 



(1 - A t7 ) a _i(l + A CT ) s _i 



g£_ 1 (m,-m',\,k = <Tl) (B.37) 



;-l) s - m - 1 r(s + m)T(s - m) 2T(s - 



(2s -2)! 4*r(s) 
for s G Z + 1/2. 



B.5 Bulk field couplings 

When we want to calculate two-point functions, we need to know how the fields couple. 
For this we consider the simplest possible non-trivial action which is gauge invariant under 
f !2.6p . which is the mass-like term 

S = A J d 3 xVG J #1^1 J #2^2 str (C * C) + c.c. . (B.38) 

In the bosonic case the trace is defined as the restriction of the star product to the constant 
part, however in the supersymmetric case we have to be a bit more careful. As shown in 
the previous subsection, we define the supertrace as (see eq. (1B.33P ) 

str (C 7 , Vtf) = 2X k * V™ * Vif I x , (B.39) 

where A& = (1 — uk)/2. Since we have an ideal generated by the identity operator, 
we have to fix two normalizations in the supertrace, in particular we have here chosen 
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str(&, k) = str(l, 1) = 1. An explicit formula for the supertrace can be found using the 
invariance under the generators with spin 1, 3/2 and 2, see eqs. flB.31j) . (IB. 32}) . To keep 



things short we here simply write as in (IB.35|) . We can then write the action out into 
components as 

L= \ J2 J2 ^ C -rn,aC S mta Kg£_M,- m i\k = al) 
s=l,2,... \m\<s— 1 cr=± 

(B.40) 

+ ^ J2 J2 12 C m,^-m,-aK9 S 2 S s -i(m, -m\ A, k = dl) + C.C. . 

s=3/2,5/2,... |ro|<s-l a=± 



This is indeed invariant under the anti-automorphism 77 defined in (IB. 15}) which sends 
T}{C^ a ) = (— l)~ s+1 C s m i 1 \»s a using the symmetries of the structure constants. It is also 
invariant under the automorphism taking G^ na (— \) m+s ~ 1 C s _ nit<T - 

C CFT OPEs and commutator relations 

C.l J\f = 2 superconformal algebra 

The J\f = 2 chiral superconformal algebra with Virasoro central charge c has the form 

_ +/ , 2c/3 2U(w) 2T(w) + dU(w) 
G + (z)G H~7 + 7 — + 



z — wr [z — wr z — w 



G ± (z)G ± (w) ~0 , 

T{z)T(w) ~ - + - + 

[z — w) 4 [z — wy z — w 



(z — w) 2 z — w 

^^ x U(W) 3U(W) 

(z — w) 2 z — w 
c/3 



U(z)U(w) 



[z — w) 2 



U(z)G ± (w) ~±^-A™2 (C.l) 
z — w 
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or in terms of generators 



[L m , L n ] = (m - n)L m+n + — (m 3 - m)5 TO _ n , 
[L m ,G±] = (m/2-r)G± +r , 

{G+ G;} = 2L r+s + (r - s)[/ r+s + ^(r 2 - i)5 r ,_, , (C.2) 
{G^, G^} = , 

[Urn, G r ] iG JTt _|_ r , 

Q 

\Umi Ufi\ — Tfl5 m — n . 

C.2 W algebra 

Assuming that we have an M = 2 supersymmetric W algebra, we have supermultiplets 
(W s0 , W s± , W 8 ' 1 ) where (see e.g. [30]) 

W s± = TGt 1/2 W s0 , = \{G+_ 1/2 G-_ 1/2 - GZ 1/2 Gt l/2 )W s0 . (C.3) 

The combination in the last equation ensures that we have chiral primaries, and have 
been chosen such that W^ 1 - 10 = U, W^ 1 ^ = G ± and V^ 1 -* 1 = T. For each bosonic spin 
(except spin one) we thus have two higher spin fields W s0 and W^ -1 ^ 1 , where the field 
W s0 has U(l)-charge zero. The corresponding OPEs are then 

W s± (w) 



G ± (z)W sU (w) ~ =f- 



z — w 



G ± (z)W s± (w) ~ , 

(z — w) 2 z — w 



2 [z — w)^ 2 z — w 



(C.4) 



C/(^)Ty s0 (w) ~ , 



2 (z-w) 2 
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C.3 States 

A chiral state 

G + (z)<f> h { W ) ~0 (C.5) 
fulfills 2Lo = Uq and its superpartner iph 

G-(z)Mw) ~ ^ (C.6) 
z — w 

has OPEs 

G + (z)Mw) ~ + ^ , G-(*)Vfc(«0~O. (C7) 

(2 — W) z Z — W 

An anti-chiral state 

G-(z)0 h (w)~Q (C.8) 
similarly fulfills 2Lo = —Uq and its superpartner iph 

G + (z)Mw) ~ ^ (C.9) 
z — w 

has OPEs 



G-{z)Mw) ~ 7 i^- + ^ , G + (z)^H~0. (CIO) 
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